It is shown that the multiplicative anomaly in the vector-axial-vector model, which apparently has nothing to do with the breaking of classical current symmetries, nevertheless is strictly related to the well known consistent and covariant anomalies.
Anomalies, as quantum breaking of classical symmetries, have been studied by physicists for a long time in the past, in the framework of a perturbative analysis based on Feynman diagrams [1] [2] [3] and also in the context of path-integral formalism [4] [5] [6] [7] .
Very recently, another kind of anomaly, the so called "multiplicative anomaly", has appeared in the physical literature [8] [9] [10] [11] [12] [13] [14] . The name, which is due mathematicians [15] [16] [17] [18] , may create some confusion between physicists, since such an anomaly has nothing to do (at least in a direct manner) with the breaking of classical symmetries. It can be thought of as a "measure" of the lacking of the commutative property of the determinant of the product involving two differential operators regularized by means of ζ-function.
Within the one-loop approximation, one meets products of operators in several physical systems, namely when one is dealing with matrix valued differential operators and assumes constant background fields. However, it is not easy to find sistuations in which the multiplicative anomaly (from now on MA) has a direct physical relevance. In fact, since the MA is a local functional of the geometric data and of the background field, its contribution to the effective action can be usually absorbed by the one-loop renormalisation procedure. Furthermore, since it comes from the evaluation of the one-loop functional determinant, it has a quantum origin, i.e. it is proportional to the Planck constant and, as a result, it is quite easy to show that it does not give contributions to the one loop beta-functions of the theory. However, this is not the case for more complicated systems at finite temperature and non vanishing chemical potential, where there exists the possibility of spontaneous symmetry breaking (see [18, 10] ). At the moment the (possible) physical importance of MA is an open question (see the criticisms in Refs. [12, 13, 11] ).
In the present letter we will not be able to show that MA is related to direct observable effects, but nevertheless we will show that it has an indirect physical importance, since it relates consistent and covariant current anomalies in a vector-axial-vector model. In this respect, its name is not totally unappropriate. This kind of relevance of the MA has also been noticed in a completely different contest, namely within the non relativistic quantum statistical mechanics [11] .
We recall that the current anomalies of the vector-axial-vector model have been derived for the first time by Bardeen in Ref. [3] . Later, all results have been confirmed and generalised to curved manifold by other authors [19] [20] [21] [22] [23] [24] [25] .
In particular, the local polynomials, which one has to add to the currents in order to pass from the consistent anomaly to the covariant one, have been explicitly written down [25] .
We introduce now the definition of MA. Given an elliptic, positive, differential operator D, one defines related functional determinant by means of the associated ζ-function, that is
This is a rigorous definition of determinant, well known and well used in quantum field theory [26, 27] . Unfortunately, it does not have all properties of determinant of matrices. If fact, for two operators, in general one has
and this means that (by det we always mean det ζ )
a(D 1 , D 2 ) being the MA. This is strictly related to the definition of determinant through ζ-function, but of course other definitions would have other patologies. In simple cases, the multiplicative anomaly can be directly computed by definition above, but there is also a general formula which directly follows from Wodzicki theory [17, 14] . If D 1 = D and D 2 = D + M are two first-order, non-commuting, differential operators in a four dimensional (Euclidean) manifold without boundary, then the multiplicative anomaly can be written in the form [14] 
where we have omitted terms which do not contribute to the MA in four dimensions and res is the non-commutative (or Wodzicki) residue, which can be defined for any pseudo-differential operator Q by the formula [16] res
B being an arbitrary elliptic operator of order b and Res the usual Cauchy residue. The formula above notably simplifies if the case of commuting first order operators. In fact one has
where a 1 (x|D) is the first non trivial heat kernel cofficient related to D and tr is the trace on internal or Dirac matrices. If the two operators do not commute, then also derivative terms appear in the MA. Now we briefly resume the results concerning the vector-axial-vector model. For details and notations see Refs. [24, 25] . One considers a massless Dirac particle with arbitrary internal degrees of freedom in interaction with gauge and an axial gauge potentials.
The model is described by the classical action
where
are the covariant derivative, the gauge and the axial-gauge potentials respectively. By τ a we indicate the generators of the gauge group and by γ k the (Euclidean) Dirac matrices. It is convenient to introduce the first order matrix valued operator appearing in the classical action
Note that we consider the Euclidean section and so
A k . From a classical view point, both the vector and axial-vector currents are conserved, but quantum corrections break the symmetry and the currents acquire anomalous terms. If δ V and δ A are the infinitesimal vector and axial-vector transformations, which classically give the conserved currents, that is
where ε = ε a τ a is an infinitesimal matrix, then the related currents satisfy the (modified) continuity equations
In the literature, two kinds of anomalies concerning this currents have been well studied. The first one is the so called consistent anomaly, which has been first derived by Bardeen from perturbation theory and can be easily obtained by path integral, by regularising the one-loop effective action according to the rule
with the implicit continuation A k → iA k in order to have a hermitian operator D. In this case only the axial symmetry is broken. The second one, which is called "covariant anomaly", can be directly obtained from Eq. (9) . In such a case
In this last case, both the currents J k and 5 J k acquire an anomalous term. For consistent and covariant anomalies one has respectively
where a 2 (x|H) is the local spectral coefficient relative to the second order operator H. Explicit expressions for the anomalies have been computed using different methods also in curved space-time with torsion [24, 25] ). For a non abelian gauge group the difference reads
It is possible to pass from the consistent anomaly to the covariant one by adding local polynomials to the currents. Such polynomials χ k = χ 
In this way, if J k and 5 J k satisfy continuity equations with the consistent anomalous term then J k + χ k and
k satisfy continuity equations with the covariant anomalous term. The polynomials one has to add to the currents are chosen "ad hoc" in order to satisfy the previous conditions. Here we show that they are related to the corresponding multiplicative anomaly (connections between current terms and the Wodzicki residue have been pointed out also in Ref. [28] ).
To this aim, we first observe that
Moreover, since D and D † only differs in the sign of A k , we also have
and finally, using Eqs. (27) (28) (29) and remembering the definitions of the anomalies, we obtain the result 
The MA is a functional of V k and A k , then by performig the variations and comparig the result with Eqs. (25) and (26) 
In order to check the above relations, we have rigorously prooved using ζ-function techniques, one has to evaluate MA by using the more general and complicated formula, Eq. (4). This can be done in principle, but, since one is dealing with non commuting operators, it is not an easy task.
In this letter, we have shown that MA in the vector-axial-vector model relates consistent and covariant anomalies and we have also determined, as functional derivatives of MA, the local polynomials which permit to pass from one form of the anomaly to the other one.
